Golomb has conjectured that the number of cycles generated by an arbitrary binary recurrence relation does not exceed Z(n), the number of cycles generated by the pure cycling register. Lempel gives a conjecture which implies that of Golomb, and he also introduces so called V-sets. We color the vertices of the de Bruijn graph B, in order to find V-sets, and this leads to a proof of Lempel's conjecture.
INTRODUCTION
The n-th order binary de Bruijn graph B, is a directed graph which has as vertices all binary n-vectors, and which has an arc from the vector u = (240 ) u1 ,...) u,-~} to both vectors V = {ul, u2 ,..., u,-~, v}, v = 0, 1. A cycle of period e is a sequence of distinct vertices S, , S, ,..., S,-, such that St+l is a successor of S, , t = 0, l,..., e -2 and S, is a successor of se.-1 * If we put St = {St 3 St+1 ,a.*, &+n-11, t = 0, l,..., e -1, and reduce subscripts mod e, then we will use one or the other of the two notations (S, , S, ,..., S,-,) and (s,, , s, ,..., s,J for a cycle. Following Lempel [2] , we define a factor as a set of non-intersecting cycles which contain all vertices in B,, . With each factor we associate a unique feedback function or recurrence relation f (x,, , x1 ,..., x,-b which maps binary n-vectors to binary numbers, such thatf (u, , U, ,..., u,-~) = U, iff {uO , 24r ,..., u,-~} is followed by {ul , u2 ,..., u,} in a cycle of the corresponding factor.
It is proved in [l, p. 1161 that a function f (x0 , x1 ,..., x+1) from binary n-vectors to binary numbers defines a factor in B,, iff f (x,, , xl ,..., x,.J = 40 x0 0 &l 3 **a, x,-J for some g defined on binary (n -1)-vectors and with binary numbers as the range. @ is addition mod 2.
The factor which has g(q ,..., x,-3 = 0 will be called the pure cycling register (PCR,). Let (So, S, ,..., S,-J be a cycle in PCR, . Then the vectors S1, S, ,..., Sdel are cyclic shifts of the vector So . That is, if so = {so 3 81 ,-*., &L-l), then where i& denotes the binary complement of ui . A vertex U in B, has exactly two successors V and V', and 6 has the same successors as U. Similarly, V has exactly two predecessors U and U, and V' has the same predecessors as V (Fig. 1 ).
In [l, p. 1741 we find the following:
The number of cycles generated by an arbitrary recurrence relation f (x0 , x1 ,..., xnel) does not exceed Z(n).
We will prove a conjecture due to Lempel, which implies Golomb's conjecture.
CONJECTURE (Lempel) .
The minimum number of vertices which, ij removed from B, , will leave a graph with no cycles, is Z(n).
Lempel defines a V-set to be a set of vertices which when removed leaves a graph with no cycles. A V-set will contain a vertex from each cycle in an arbitrary factor. Therefore Lempel's conjecture implies Golomb's conjecture.
PROOF OF LEMPEL'S CONJECTURE
We color the vertices in B, with three colors: L (left). R (right) and I (indeterminate). The color of the vertex V, = {v,, , u'l ,..., v,-~} is determined as follows: Write the digits v,, , v1 ,..., v,-~ on a unit circle (Fig. 2) in the X, y-plane, such that the coordinates of ut become (n,y)=(cos~,sin~), t=O,l,..., n-l.
Consider each vt to be a mass of weight vt (ZQ = 0 or l), and find the center of mass CM of these weights. Then V,, is R, I, or L depending on whether CM is to the right of, on, or to the left of the x-axis. In Figure 2 vector V,, is colored R. FIGURE 2 We now state and prove three lemmas about this coloring. The lemmas imply Lempel's conjecture. Proof. The colors of the vertices of the cycle from PCR, which contains V, , may be obtained by rotating the circle of Figure 2 around the center C, such that the digits 2r1, u2 ,..., u,-~ successively have the coordinates (A', y) = (l,O). If CM is at C, then all vertices of the cycle will get the color I. If CM is not at C, then CM will move around a circle with center at C, and thus cross the x-axis only twice, once from left to right; and once from right to left, LEMMA 2. Let Y be a cycle from B, which contains at least one vertex which is L, and one vertex which is not L. Let V be a vertex on 9' which is L, and which has a predecessor on 9 which is not L. Suppose that V belongs to a cycle V from PCR, . Then V is the Jirst vertex in the block of L's on Q.
Proof. Both predecessors of V have the same color (not L by assumption) since they are conjugates of each other, and thus differ only in the weight placed at the point (1,0) on the x-axis. Thus V is the first vertex on C which is colored L.
LEMMA 3. Let Sp be a cycle in B,, which does not contain both an L and an R, then Y is equal to one of the cycles in PCR, with CM at C.
Proof. We define the moment mvO of a vertex V, = {vO , v1 ,..., u,,-~} to be the total moment about the x-axis of the weights z+ , placed as in where subscripts are to be reduced mod e. From this it follows that 9' contains a vertex with positive moment iff it contains a vertex with negative moment, that is, 9 contains an L iff it contains an R. Since Y is supposed not to contain both an L and an R, all its vertices are I. If one of the vertices on Y is on a cycle in PCR, which does not have CM at C, then (Lemma 1) one of the predecessors of this vertex is either L or R, and the other predecessor has the same color, but this is impossible since the predecessor which is on 9' is 1. Thus all vertices on Sp are on cycles from PCR, with CM at C. If 9' is not one of the cycles from PCR, with CM at C, then there exists a 7 and two cycles %I and 97, from PCR, such that S, is on g1 and S7+1 is on gz , but the companion S:,, of S7+1 is on V1 . However, since Sr+l and S:,, only differ in the rightmost digit, they cannot both be on cycles from PCR, with CM at C, a contradiction. Thus Y is equal to one of the cycles from PCR, with CM at C. This completes the proof of Lemma 3.
We now claim that the set J' of Z(n) vertices consisting of an arbitrary vertex from each cycle in PCR, with CM at C, and the first vertex in the block of L's from each of the other cycles in PCR, , is a V-set. To see this, let 9' be an arbitrary cycle in B, . It follows from Lemma 3 when 9' does not contain an L and from Lemma 2 when 9 does contain an L, that r contains a vertex from 9.
CONCLUDING REMARKS
The above proof will also go through for a nonbinary de Bruijn graph. This is a graph that has as vertices the n-vectors {a0 , u1 ,..., u,-~} where the Q'S are elements of an m-alphabet, and the arcs are defined as before.
Let F be a factor in B, . From Lemma 2 it follows that the number of blocks of L's (R's) is the same for any factor F. It is also easy to see that F contains Z(n) cycles iff F contains all cycles from PCR, with CM at C, and each of the other cycles of F contains exactly one block of L's and one block of R's.
The number of blocks of L's in F equals Z(n) less the number of cycles in PCR, with CM at C. It is therefore of some importance to know how many cycles from PCR, have CM at C.
All cycles of PCR, of length strictly less than IZ will have CM at C. When n =plF or n =pl*pz, where p1 and pz are primes, these are the only cycles with CM at C. This will not be the case for all n. Thus for n = 12 the two cycles (0 0 1 0 0 1 1 0 0 0 1 1) and its binary complement both have CM at C.
When n = p;1 *p?, the total number of vertices which are on cycles in PCR, with CM at C is given by Thus when n = 12 there will be (22 + 23 -2)2.1 = 100 such vertices, of which 76 are on cycles of length less than 12, and the remaining 24 vertices are on the two cycles given above.
The corresponding problem when IZ is divisible by more than two primes is a matter for further investigations.
